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Abstract

This experiment aimed to determine Boltzmann’s constant,
k, by observing the Brownian motion of microscopic beads
suspended in water using video microscopy. The particle
trajectories were tracked and analyzed with two distinct sta-
tistical models: the 1D mean squared displacement (MSD)
as a function of time lag, and the probability distribution of
2D radial step lengths over a constant time interval of 0.5 s.

The MSD method yielded a highly inaccurate value of
k = (7+2) x 107222, resulting in a 4711.22% differ-
ence from the accepted value. Conversely, analyzing the
Rayleigh distribution of individual short-term step lengths
was significantly closer to k. Extracting the diffusion coef-
ficient through a curve fit of the step distribution yielded a
18.16%error with k = (1.13+0.09) x 1072%-Z | while the max-
imum likelihood estimate (MLE) provided the most accurate
experimental result of £k = (1.2+0.1) x 10_23%, with a per-
cent difference of only 13.47%. The results confirm that the
MLE method avoids histogram binning biases and is the most
reliable statistical approach for extracting thermodynamic
constants from discrete, noise-prone experimental tracking
data.

1 Introduction

Brownian motion is the random motion of microscopic par-
ticles from thermal fluctuations, caused by collisions with
fast-moving molecules in a fluid (Elsevier 2026]). In this ex-
periment, video microscopy is used to track the Brownian
motion of microscopic beads in water to experimentally de-
termine the value of Boltzmann’s constant, k.

For an ensemble of particles stepping randomly left and
right in 1 dimension every 7 second, each particle steps a
distance § in either direction with equal probability. The
position of the i-th particle, x; after n steps, is

zi(n)=x;(n—1)+46

For N particles, the average position of the ensemble of par-
ticles is:

1 N
(z(n)) = % Zx(n 1) +0=(z(n—1))

The mean displacement for these particles is zero, as 6 —
0, whereas the mean squared displacement (MSD) is given by
Equation (1| (Physics 127b: Statistical Mechanics Brownian)

Motion|n.d.)).
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Here, k is Boltzmann’s constant, T' is the absolute tempera-
ture of the fluid and ~ is the viscous drag coefficient of the
particle.
In Equation ’%T can be written as in Equation |§L by the
Stokes-Einstein relation (Srivastava and Khanna [2009).
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For a spherical particle of radius ¢ moving through a fluid
with dynamic viscosity n, the drag coefficient is given by
Stokes’ law as 7 = 67na. Substituting this into Equation
yields D = Gfrga (Serbanescu, Ladan, and Ryu 2025). Plot-
ting ((z2)) versus time lag (7) gives a straight line whose
slope can be used to find D.

The probability distribution for the displacement of a par-
ticle in 2D (or 3D) can be shown by a 2D Gaussian, with
Equation |3| (Mean Squared Displacement|2018)).
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This differs from the 1D case, being P(x,t) = N T

in the scaling factor and that the exponent changed to x2+2.
This gives two independent variables, causing the distribu-
tion to be a surface, not a curve. To convert to a curve,
note that the distribution is isotropic and therefore depends
only on radial distance, not direction; thus, the substitution
r? = 22 4+ y? can be made. To fully make this an integral

substitution, for a < r < b, Equation [4] can be used.
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The probability density function for the step size in a 2D
diffusion process is therefore given by Equation

(4)
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This is a Rayleigh distribution, where ¢ is the ‘step’ size (not
total time) and r is the distance moved in 1 ’step,” not to-
tal distance (Nema [2022). The same derivation in 3 dimen-
sions provides the Maxwell-Boltzmann equation (Yirsaw and
Goshu [2024). Thus, if a position (or momentum) follows a



Gaussian distribution, its magnitude follows the Maxwell-
Boltzmann distribution (Siegrist 2026). Looking at individ-
ual step sizes over a constant time interval (At) maps data
to the Rayleigh distribution (Equation to find D a second
way.

2 Materials and Methods

The methods for this lab report adhere to the guidelines in
the "Thermal Motion’ manual (Serbanescu, Ladan, and Ryu

2025)), with the setup shown in Figure
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Figure 1: A photo of the equipment used throughout this lab
to create and analyze the motion of the beads in solution.
Included is 50 pLL of bead solution, petroleum jelly, double-
sided tape, a pipette, glass covers, fluorescence illumination
(X-Cite Box), and a microscope.

A sealed sample chamber was constructed to observe the
Brownian motion of fluorescent polystyrene beads (1.9 pm
diameter) suspended in water. To prevent bulk fluid flow and
evaporation, a 1.2 cm square wide, 3-4 cm long rectangular
enclosure was created on a microscope slide using double-
sided tape and petroleum jelly. 50pnL of the dilute bead
solution was pipetted into the enclosure and sealed with a
glass cover slip, pressing down gently to eliminate air bubbles

(Figure [2).
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Figure 2: A diagram showing the progression of steps (1 to 4)
to apply the bead solution to the microscope plate, alongside
the dimensions used within this lab. The pictures of the real-
life setup are shown in (Serbanescu, Ladan, and Ryu [2025).

The slide was placed on the stage of a fluorescence mi-
croscope equipped with an X-Cite Box illumination source

and a 40x phase-contrast objective. To ensure accurate ther-
modynamic calculations, the ambient room temperature was
recorded, being 296.5+0.5K. Using the "Microscope Camera
Controller’ software, the camera’s gain and brightness were
optimized to clearly isolate the fluorescent beads against a
dark background. Video data was recorded using the Mul-
tiple Image Capture feature at a frame rate of 2 frames per
second for 120 frames. This process was repeated across
10 different regions of the slide to capture a robust statisti-
cal sample. Following image acquisition, a stage micrometre
(calibration slide) was imaged under the same 40x magnifica-
tion to determine the pixel-to-meter conversion factor. The
Tmage Object Tracker’ software was then used to extract
the 2D Cartesian coordinates of 2 distinct beads per video,
yielding 20 independent particle trajectories. These raw pixel
coordinates were subsequently exported to a Python script
(see Section to compute the MSDs and radial step dis-
tributions.

3 Data and Analysis

For this section, the microscope had a calibration conver-
sion of 1 pixel equivalent to 0.12048 4+ 0.003 pum. The bead
diameter was stated by the manufacturer as 1.9 £ 0.1 pm.
The viscosity of water was taken as 1.00 & 0.05 cP (where
1 cP = 1072 Pa-s) at 20°C, adjusted for a recorded ambient
room temperature of 296.5 + 0.5 K.

3.1 Mean-Squared Distance vs. Time

In 1 dimension, plotting the MSD against time lag (1), using
Equation |1} should yield a straight line with a slope equal to
2D, where D is given by Equation[2} The diffusion coefficient
D can then be used to calculate the Boltzmann constant by
rearranging the Stokes-Einstein relation to k = %.

Instead of measuring the absolute distance a particle trav-
els from its initial starting point at ¢ = 0, the MSD is cal-
culated using a rolling time lag (7). A time lag represents
the time interval between any two frames in the particle’s
trajectory. By calculating and averaging the squared dis-
placements for all possible overlapping intervals of length 7
within a single continuous track, the statistical power of the
dataset is vastly increased (Spagnolo and Luin 2024). This
rolling average smoothens the inherent random noise of ther-
mal fluctuations, yielding a highly reliable ensemble average
for the linear fit.

For each tracked particle, the squared distance travelled
was averaged over all trajectories for each time lag and fitted
linearly to extract D. This plot is shown in Figure [3]

From the linear fit in Figure [3] a diffusion coefficient D =
(1.1£0.3) x 107! m? /s was extracted. Using Equation this
yields a Boltzmann constant of k = (74£2)x 10722 J/K. Com-
paring this to the accepted value of k = 1.38 x 10723 J/K,
there is an extremely large difference of 4711.22%, indicating
a failure of the model assumptions (Serbanescu, Ladan, and
Ryu .

The fit in Figure [3| has a reduced chi-squared of 0.01. This
exceptionally low value suggests the model fits the data ”too
well.” This implies that the assigned statistical error bars on
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Figure 3: The 1D MSD of 20 tracked particles plotted against
time-lag (7). The linear fit, shown in red, has the equation
(x?) = (15004400)7 +(2000+2000) px2. The non-zero inter-
cept suggests a static positional uncertainty or uncorrected
drift, consistent with the discussion in Vertical error
bars representing the Standard Error of the Mean (SEM)
are shown, while horizontal time uncertainties (0.03s) are
too small to be visible. The mean residual is 4.81 x 10? px?
with a standard deviation of 1.18 x 103 px?.

the data points are overestimated, which is expected because
MSD data points at sequential time lags are calculated from
the same underlying trajectory and are therefore highly cor-
related, violating the assumption of independent, identically
distributed (i.i.d.) errors required for standard chi-squared
analysis (Shih and Fay [2017)).

3.2 Probability of

Lengths

Distribution Step

In 2 dimensions, the theoretical expectation for the mean
squared step length over a specific time interval is (r?) =
‘”“TTAt. When fitting a probability distribution function to
experimental step lengths, using an MLE is preferred to de-
termine parameters, as changing histogram bin sizes can arti-
ficially skew calculations. Binning violates the least-squares
assumptions of standard curve-fitting modules (Soto 2025]).
For the Rayleigh distribution, the maximum-likelihood esti-
mate for the parameter 2DAt is given by Equation |§| (Soch
2021)).

N
1
(QDAt)est = ﬁ Z T1'2 (6)
i=1

From the bead position data, the 2D radial distance trav-
elled (r = \/Ax? + Ay?) between consecutive frames (At =

0.5 s) was calculated. To account for software tracking ar-
tifacts where the program temporarily lost the bead and
snapped to a distant particle, unphysical step lengths larger
than 30 pixels were filtered out of the dataset (see Section
. This cleaned step size data was compiled into a single
1D array and plotted as a normalized histogram using the
hist module from SciPy.

The probability density function (Equation [5) was fitted
to the histogram to determine Dy, and ks was calculated
using Equation Simultaneously, the MLE (Equation @
was utilized directly on the unbinned step array to calculate
Dyrrp and subsequently kpspp. The Rayleigh distribution
using both estimates was plotted on the same axes over the
empirical data, as shown in Figure
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Figure 4: Normalized histogram of 2D step lengths (r) over
a constant time interval (At = 0.5 s) with fitted Rayleigh
PDFs (Equation|s). The MLE method, shown in black, is the
statistically preferred model, as it directly utilizes the data’s
second moment, while the red dashed curve fit provides visual
confirmation of the distribution shape.

From the standard curve fit, Dy = (1.9 £ 0.1) x
10713 m? /s, yielding kf;; = (1.13+£0.09) x 10723 J/K, which
represents an 18.16% difference from the accepted value of
k = 1.38 x 10723 J/K (Serbanescu, Ladan, and Ryu [2025)).
Conversely, the preferred MLE method yielded Dypp =
(2.0£0.1)x 107 ¥ m? /s and kppp = (1.240.1) x 1072 J /K.
This represents a percent difference of 13.47%, indicating
strong agreement with the accepted value.

4 Discussion

The objective of this experiment was to determine Boltz-
mann’s constant, k, by analyzing the Brownian motion of
suspended fluorescent beads. Two distinct statistical ap-
proaches were used: the time-averaged mean squared dis-
tance (MSD) and the distribution of radial step lengths over
a constant time interval. The results reveal a significant dif-
ference in how these two methods respond to systematic ex-
perimental errors.



4.1 Comparison of Methods to Calculate k

The MSD method yielded a significantly overestimated value
for k with a percent difference of 4711.22%. This deviation
indicates the presence of severe uncompensated systematic
errors in the time-averaged tracking data. The most prob-
able cause for this is bulk fluid drift. Over long tracking
periods, slight evaporation, convection currents, or an un-
even microscope stage can cause the fluid sample to slowly
drift in one direction (Rodal 2019). While pure Brownian
motion says that root-mean-square displacement scales as
ZTrms X V1, directed bulk flow causes distance to scale lin-
early with time (z o t), resulting in a parabolic, rather than
linear, MSD curve (Maris et al. [2022). The MSD acquires
an additional quadratic-in-time component due to superim-
posed drift, deviating from the expected linear relationship,
which artificially inflates the slope of the linear fit, leading to
a massive overestimation of the diffusion coefficient D and,
consequently, k.

Furthermore, the reduced chi-squared value for the MSD
linear fit was approximately 0.01. A value x2 < 1 indicates
that the uncertainties on the data points were significantly
overestimated (OriginLab n.d.). This occurs because the
MSD values for sequential time lags are calculated from the
same underlying continuous trajectory; therefore, the data
points are highly correlated and violate the assumption of
statistical independence required for standard chi-squared
analysis. Increasing the total number of independent tra-
jectories (sample size) would give the statistical test more
power and provide a more accurate representation of vari-
ance (T/2019).

Conversely, analyzing the Rayleigh distribution of individ-
ual step lengths over a short, constant time interval (At = 0.5
s) proved to be more accurate. This method only looks at
frame-to-frame jumps; thus, it successfully isolates the high-
frequency random thermal motion while still being mostly
immune to the slow and long-term effects of bulk fluid drift.
Within this approach, the MLE had a percent difference of
13.47%, outperforming the standard curve fit (18.15%). This
confirms that the MLE is the superior statistical tool, as it
evaluates the raw second moment of the data ({r?)) directly,
avoiding biases and loss of information introduced by sorting
data into histogram bins.

This highlights the importance of selecting statistical
methods that respect the independence and timescale as-
sumptions inherent in the underlying diffusion model.

4.2 Sources of Error

Several other sources of error (SOE) impacted the precision
and accuracy of these calculations. For instance, the beads
are approximately 2 pum in size, but the tracking software
follows a rectangular bounding box that may not remain
perfectly centered on the bead. Combined with fluctuations
in the microscope’s focus, this introduces a static positional
uncertainty likely exceeding 0.1 pm. For example, a sys-
tematic drift velocity of even 0.1um/s over a 60 s record-
ing would contribute an additional displacement of 6um,
comparable to the expected Brownian displacement (around
5-7um), thereby substantially inflating the MSD (Barbosa

et al. |2018)). This explains the large overestimation of the
MSD slope and resulting diffusion coefficient. While a static
error simply shifts the y-intercept of the MSD graph, severe
tracking failures—such as the software snapping to a differ-
ent bead—drastically skew the step distributions.

Secondly, to seal the slide chamber, petroleum jelly was
used. If a small amount of this grease seeped into the interior
bead solution, it would create local regions of higher viscosity.
Because the calculations assumed the viscosity of pure water
(n = 1.00 cP), an artificially higher viscosity in the actual
sample would result in an inaccurate extraction of k.

Furthermore, the fluorescence illumination (X-Cite Box)
acts as a powerful heat source. Over the course of the 10
tracking trials, the light likely heated the slide above the
recorded ambient room temperature (296.5 £ 0.5 K). Be-
cause fluid viscosity decreases with temperature, even slight
localized heating would cause the beads to diffuse faster than
anticipated, skewing the final calculations (Wang [2025)).

Lastly, the equations used in this lab assume purely 2D
diffusion within the focal plane. However, the beads are sus-
pended in a 3D fluid volume. If a bead diffuses upward or
downward along the Z-axis, its apparent 2D projection on the
camera slows down, or it blurs out of focus entirely, leading
to an underestimation of its true 3D spatial step size.

5 Conclusion

This experiment successfully captured the random ther-
mal motion of microscopic particles and demonstrated the
mathematical relationship between microscopic diffusion and
macroscopic thermodynamic properties. While the time-
averaged mean squared distance approach failed to provide
a reasonable estimate due to its extreme susceptibility to
bulk fluid drift, analyzing the step-length distribution over
short time intervals effectively mitigated this systematic er-
ror. By applying a maximum likelihood estimate to the
Rayleigh distribution of 0.5 s step lengths, an experimen-
tal value of kyrrp = (1.240.1) x 10723 J/K was determined.
Therefore, the MLE result of k = (1.2 4 0.1) x 10723 J/K is
taken as the final experimental value. This result, with a per-
cent difference of only 13.47% from the accepted value, con-
firms that short-interval statistical distributions are a highly
robust method for extracting fundamental constants from
noise-prone experimental tracking data.
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6 Appendix

6.1 Experimental Code

To maintain the brevity and readability of this report, the
complete Python scripts used for the data analysis (includ-
ing the mean squared distance linear regression, the Rayleigh
maximum likelihood estimate, and all error propagation cal-
culations) have been hosted externally. The custom scripts,
along with the raw ‘.txt* tracking coordinates and generated
output files, can be accessed and reviewed in full at the fol-
lowing GitHub repository:

https://github.com/sarapr06/thermal-motion

6.2 Mean Squared Distance

To convert tracking data (with units of pixels squared) into
physical area (meters squared), Equation E] was used.

(%) true = MSD,, x 2 (7)
Because the calibration factor is squared, its relative uncer-
tainty is doubled inside the sum due to differentiation, given
below.

OMSD dc
2 2 PT 9 2
™) true = (%) true ¥ \/( D )2+ (2 ; )

The variables used in these errors are defined as follows:

(8)

o MSD,,: Raw 1D MSD for specific time lag

e ¢: Calibration factor, taken from the microscope in the
lab having 1 px = 0.12048 + 0.003 pm, thus, this value
is 0.12048 x 10~ %m/px

e 0c: Uncertainty in calibration factor, being 0.003 X
107% m/px (or 3.0 x 1072 m/px)

One other variable was §M SD,,, the statistical uncertainty
of the MSD at a specific time lag (Equation . This was
calculated as the standard error of the mean (SEM) across
all NV tracked particles. First, the sample standard deviation
(omsp) of the squared displacements at that time lag was
calculated:

. 2
OMSD =\ N -1 Z (7 — (2?)) (9)

i=1

The variables are as follows:
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e N = The total number of particle trajectories analyzed.
Here, this was 20.

e 12 = The squared displacement of the i-th individual
particle at that specific time lag.

e (2?) = The average squared displacement of all particles
at that time lag (M SD,, value).

The standard error (M SD,,) is then found by dividing the
standard deviation by the square root of the number of tra-

jectories:
OMSD

VN

SMSD,, = (10)

6.3 Error for Boltzmann’s Constant &k

Using the 1D equation (Equation [1)) and Stokes-Einstein re-
lation (Equation , substitute the true slope of the graph,
Mirue = Mpg X 2. Then, if myrye = 2D (Equation and ,
we get:

b 37r77rmmc2

T
Constant factors (e.g., 3 and 7) do not contribute to relative
uncertainty and are omitted; thus, the relative uncertainty
is the sum of the squares of relative uncertainties of all mea-
sured variables, being:

(11)

6kk\/@;’)u(‘2")%(‘%5)%(2?)%(?)2 (12

The variables used are defined below:

e m,,: Slope of linear fit (see script) in pizels®/s

® 0my,: Standard error of slope, being the statistical un-
certainty of fit, usually given by linear regression.

e cand dc: Same calibration factor and error as in Section
0.2

e 7 Radius of bead, being 1.9 pm (Serbanescu, Ladan,
and Ryu [2025)

e 0r: Uncertainty of bead radius, being 0.1 pm (Ser-
banescu, Ladan, and Ryu 2025

e T: Absolute room temperature in Kelvin, being 296.5 K
(Serbanescu, Ladan, and Ryu [2025))

e 0T: Reading error of thermometer, being 0.5 K (Ser-
banescu, Ladan, and Ryu [2025])

e 7: Dynamic viscosity of water at specific temperature,
T, being 1.00 centipoise (=) dn: Uncertainty in vis-

cosity, being 0.05 (%) (chfqbanescu, Ladan, and Ryu
2025)

Using the MLE equation (Equation [6)), the error for k will
remain the same; however, D will be changed to its corre-
sponding DMLE~

6.4 MLE Error

From the maximum-likelihood estimate of the Rayleigh Dis-
tribution, given in Equation[6] the diffusion coefficient is cal-
culated directly from the mean of step sizes, given in Equa-

tion I3l

_ <T2>true _ C2<Tgx>
Dure = 4x7 = ~1As (13)

The constants are as follows:
e c: Calibration factor (m/pixel), given in Section
e (r2,): The average of all squared step lengths in pixels.
e At: The constant time interval (0.5 s)

The time interval At and the constant 4 have zero uncer-
tainty in this theoretical limit. The relative uncertainty
stems from the statistical spread of the jump sizes (6(r2,))
and the calibration factor (d¢), given in Equation

oD _ (305N, (550

D (r2,) c
Where §(r2,) is the Standard Error of the Mean (SEM) of
(N being the total

(14)

0-7‘
the squared step array, calculated as \/‘%
number of individual steps analyzed).
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