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Question 1:
In this problem, you will prove that the elementary operations you learnt in ESC103 do not change the

set of solutions of a system of linear equations. Consider the four linear systems

A :

8
<

:

3x + 2y + 2z = 9

11x + 7y + 3z = 15

3x + 2y + z = 5

B :

8
<

:

3x + 2y + 2z = 9

11x + 7y + 3z = 15

(3 + 11�)x + (2 + 7�)y + (1 + 3�)z = 5 + 15�

C :

8
<

:

3x + 2y + 2z = 9

11↵x + 7↵y + 3↵z = 15↵

3x + 2y + z = 5

D :

8
<

:

11x + 7y + 3z = 15

3x + 2y + 2z = 9

3x + 2y + z = 5

Above, x, y, and z are all variables. The parameters ↵ and � are real numbers.

Let A ✓ R3
be the set of solutions of the linear system A. A point (a, b, c) 2 A means that

A :

8
<

:

3a + 2b + 2c = 9 TRUE
11a + 7b + 3c = 15 TRUE
3a + 2b + c = 5 TRUE

Because a, b, and c are all real numbers, equations involving them are either true (as in 1 + 1 = 2 is

true) or false (as in 1 + 1 = 3 is false). And so, (a, b, c) is in A (is a solution of A) if all three equations

are true when the variables x, y, and z take on the values a, b, and c respectively. If there are no points

(a, b, c) for which the three equations are all true then A has no solutions and A = ?. Note: this does
not contradict the statement that A ✓ R3 because ? ✓ R3.

Pro tip: If you have an equation where the left-hand side and right-hand side are real numbers (or are

numbers in any field) then the equation LHS = RHS is TRUE if and only if LHS � RHS = 0 and is

FALSE if and only if LHS �RHS 6= 0.

Finally, there is the question of how you could show that two sets, A and B, are equal.

• If you want to prove that A = B and A = ? then you need to prove that B = ?.

• If you want to prove that A = B and B = ? then you need to prove that A = ?.

• If you want to prove that A = B and neither A nor B are nonempty then you can do this by proving

– if a 2 A then a 2 B (this proves A ✓ B) and

– if b 2 B then b 2 A (this proves B ✓ A).

If you have sets A and B and you don’t know whether or not they are empty or nonempty, you have do

all three steps above.

For the curious: The third case is related to another common proof technique: if you want to prove

that two real numbers are equal, a = b, you first use one idea/approach to prove a  b and a di↵erent

idea/approach to prove a � b. This technique is jarring the first few times one sees it. This approach

works for any totally-ordered field; it doesn’t work for the complex numbers, for example.

(a) Let A be the set of solutions of A and B be the set of solutions of B. Prove that A = B. Note: you
don’t know whether or not A or B have any solutions. This means that you must address all three
possible cases: A = ?, B = ?, and neither A nor B are the empty set.

Please start your answer on the next page, not on this one. The grader will not look
at this page. You can continue your answer on the top of page 4, if needed.
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case 1: A = ?

case 2: B = ?

case 3: both A and B are nonempty

If A = 0 , then at least one of the equations of A are inconsitent.

Expanding and rewriting the third equation in B

(3 + 11B)x + (2+7p)y + (1+ 3B)2 = 5 + 15B
> Notice that these are the same as the equations in A.

3x + 113x + 2y + 7py + z + 32 = 5 + 15B /MIll)
A: [3Ty+2 t

B(((x +Ty + 32) + (3x+ 2y + z) = 5 + 15B(MIII) . .
① 3x + 2y + z = 5

... A3

Since the second equation of B is : 11x + Ty + 32 = 15
Thus ,

if Al is false
, then B1 is also false as they are the same equation , and

① can be written as : 15B + (3x +2 y + 2) = 3 + 15 so both t is inconsistent and B is inconsistent ,
therefore A = 0 ,

B = 0.
Since B is a real number : 3x+zy +z = If A2 is false

, then B2 is false as they are the same equation , and thus

3x + 2y + 22 = 9 ...
B)- A is inconsistent and B is inconsistent. Therefore A = D

, B = 0.Rewriting Bi
B : 11x + y +Bh = 1. ...

BeE If A3 is false ,
then B3 is also false assuming B2 is true. Thus , It is

3x + 2y + z = 3... B3
inconsistent and B is inconsistent

, leading to A = 0 and thus B = 0
·

As seen in case 1 , B can be rewritten to : Assuming that B = 0 ,
then at least one of the equations in B are

E
3x + 2y + 2z = 9... B1 inconsistent with the system.

B : ((x + Ty + 32 = 15 ... B2 If BI is inconsistent , then Al also has to be inconsistent since Al and 11

3x + 2y + z = 5... B3 are the same equation. Thus A = 0.

which an the same equations aso If B2 is inconsistent , then A2 also has to be inconsistent since A2 and 132 are

3x + 2y + 22 = 9 ... Al the same equation. Thus A = 0.

A : E ((x + Ty + 32 = 15 ...
Az If B2 is consistent and B3 is inconsistent , then A3 is also inconsistent since

3x +2y + z = 5 ... As A3 and B3 have the same equation. Thus A = 0.

However
, if B2 is inconsistent , Al is inconsistent , still leading to A = %

Therefore
,

if B = %,
A =%

Rewriting the equations in A
,

the system of equations can be solved :

[33/]RTRRRR
Continuing : [03-Rs, RitoRisolutionsare

x = - 1
, y = 2

,
2 = 4

Since as proven in case 1 ,
A and B have the same solutions

,
therefore since X=1 , y = 2

,
2=4 is a set of solutions in A,

then they also have to be a set of solutions in B.

Proof X= -1 , y
=2

, 2 = 4 is a solution to B : Thus
, AB

B1 . 3(- 1) + 2(2) + 2(4) = 9 : LHS = RHS

B2 . 11 (-1) + 7 (2) + 3(4) = 15 :. LHS = IHS ↑
B3 . (3 + 11B)) - 1) + (2+B)(2) + (1+ 3p)(4) = 5+ 15B : LHS = RHS

Similarly , as x = +
, y= z

, 2 = 4 is a set of solutions for B
,

and are also a set of solutions for A ,
B & A.

Proof X = -1 , y
= 2

,
z = 4 is a solution to t:

Al
. 3( -1) + 2(2) + 2(4) = 9 .: LHS = BHS

->
Thus

,
Be A

A2
.

11 (- 1) + 7(2) + 3(4) = 15 i. LHS= RHS

A3 . 3( - 1) + 2(2) + 4 = 51. LHS = RHS

Since the set of solutions to ↓ is also the solution to B
,

A & B
.

Since the set of solutions to B is also

the solution to A , ALB
.

Thus A = B and neither A now B are nonempty
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You can continue your answer here. If you do so, please make it clear which of the
three cases you’re continuing!

(b) Let A be the set of solutions of A and C be the set of solutions of C.

i. The system C has a parameter ↵ 2 R. Under what conditions on ↵ is A ✓ C? No justification
needed, just one complete sentence.

ii. Under what conditions on ↵ is C ✓ A? No justification needed, just one complete sentence.

iii. Assuming the condition of part ii. holds, prove that C ✓ A. You may assume that C 6= ?; we’ll
assume that if you can address the C = ? case based on your methods in part (a).

Under the condition that X *0
,

XER
,

ACC .

Under the condition that XER ,
CIA.

Since C*0 (assumption given in question) and A0 from part a

and since for any XER , the solutions of C are contained in A

The reason the solutions of C are contained in t is because the equation
in C is simply a scalar multiple of the equations in A by MI (multiply the third

equation of C by to get the same equations as in A).

Therefore
,

CIA.

Note that since not all X makes AEC
, only CIA is true.
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(c) Let D be the set of solutions of D. Prove that A = D. You may assume that both A and D are
nonempty; we’ll assume you can address the case where either of them is the empty set based on
your work in part (a).

This part is worth zero points. Your proof will not be graded. If you got stuck, or
wrote a proof you aren’t quite sure of, please post to piazza or come to o�ce hours.

YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

Rewriting D :

[b R
, [] RIR, TOT--BTR-3M TO3- 1

Continued :[/ ]3R ,[--B

continued : [ButoR[ x = 2
, y =1= 4

Since D has a solution
, D#0. Since these are the same solutions as those of A

,
and

A # 0 ,
A = D

,
AID and DEA.
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(d) At this point, you should have proven that the three elementary operations did not change the set

of solutions of the linear system A. The key insights of your proofs didn’t rely on A’s having exactly

three equations and three variables and having coe�cients 3, 2, 11 and so forth. We asked you to

think about a simple, concrete example so that you could focus on the elementary operations and

not be distracted by notation. Now we are asking you to face the notation and prove something

about a general linear system.

Consider a system of m linear equations with n variables

A :

8
<

:

nX

j=1

aijxj = bi 1  i  m

where the coe�cients aij and constants bi are all real numbers. Let B be the linear system where

the i0th equation of A has been multiplied by ↵ 6= 0.

Assume that both A and B have solutions. Prove that A and B have the same set of solutions.

This part is worth zero points. Your proof will not be graded. If you got stuck, or
wrote a proof you aren’t quite sure of, please post to piazza or come to o�ce hours.

YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

Since A and BF0 , the solutions of A are contained in B where the 10th

equation of At has been multiplied by 20. This means that AGB since the

equation was only scaled by the scalar d and thus the solution is the same.

But if you multiply the equation by , you will get the same equation ,
therefore

all solutions of t are in B and vice versa .
Thus

,
A = B BEA

,
A-B.

a
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(e) Consider writing down the augmented matrix of a linear system A and applying elementary row

operations to the matrix until you have a matrix in reduced row echelon form (RREF). Let R be

a linear system represented by that RREF matrix. Explain why A and R have the same set of

solutions. There’s a lot of white space here but this isn’t to indicate that you need to write at length
to answer this question. You should be able to write your explanation w/ 100 or fewer words (in the
space above the horizontal line). Note that R is the solution set to R

, A is the solution set to A.

Since R is simply the result of A after undergoing scalar addition, scalar subtraction,

and scalar multiplication of equations contained in t,
and since these operations are applied to both

sides of the equations in A . Thus , the resulting R would also be contained in A.

Because R is contained in A anything that solves R will also solve t
, meaning both A 0

and R *0, thus REA.

However
, since the RREF of A is just a reduced form of t but made easier to

solve using elementaryrow operations that leave the RREF of A in the same vector space

as A- the RREF essentially contains the same equations asA, but mach easier to solve.

Thus
,

R will contain all the solutions of A , REA and vice Versa.

Proof that the RREF of A louR) , andA have the same solution set:

Let N be the inversible matrix B = B... Bu where B.... Bu are the elementary now

operations done to A such that BA=R where R is the RREF of N.

Let X Enull(A)
. Therefore = 0

,
and thus , Bto , meaning XE null (BA).

Therefore BAX = 0 . By multiplying both sides by Bt
, we get BX = 0 meaning

XE null (A) and thus
, R andA have the same solution set

.
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Question 2:
One of the goals of this question is to get you into good shape for True/False questions on exams.

For questions (b), (c), and (d) below, please assume the “natural” vector addition and scalar multiplica-

tion. For example, for functions assume the addition and multiplication given in section 4.2 of Medici.

The ones given in the “An Unusual Vector Space” example are completely valid but are considered

“unnatural” for this problem.

(a) Prove the following lemma by showing that all the vector space axioms hold. It’s very useful and

once you’ve proven it you can use it whenever you want.

Lemma: Let V be a vector space over the real numbers. If V0 ✓ V contains 0 and, with the

same vector addition and scalar multiplication of V, is closed under vector addition and scalar

multiplication then V0 is a vector space over the real numbers.

I will assume the lemma is true .
This means thatNo is assumed to be a subset of Ug which is given as a wester spre. Therefore,

to prove Vo is drector space, I will proce that it is a subspace of U
, following subspace test version 1

, assuming that the other rector space axiomswould already be satisfied by V being a weeter space. The subspace test
proceeds as follows :

: Closure under vecter addition- for X, JEV ,+Y EU.

"

↳ By definition
, No is closed under wester addition.Therefore

, Al holds der Vo.

# : fer X, j, ZE Vo , (x +5)+ E = Y+1+ 2)"
.

↳ By definition, because Vo is a subset of Un with the same rector addition and scalar multiplication, this property stays true for Y,Vo
,

whe (+5)+= = X+ (j+ E) . Therefore
, AI holds for Vo.

"A : the exists a JEVo
,

such that +o =* for all Evo .
"

↳ By the Lemma
,

there exists a JEVo
· following normal rector addition

, by definition , frangEVoe *to=*- Therefore , All wordsfor Voy,
: For each EU , there exists a - Y EU such that+ (-*) =0

.

"

↳ By definition , to follows normal scalar multiplication as in V. As proven in class
, (1)-* for YEVo is equal to -* the additive inverseof

EEUo
. Therefore , for the scala - 1 ,

* + C * =+ (*)=

0

. Therefore A holds fr No.
,

"MI : for I, jEVo, ExjEVo ; closure under vector addition .

"
-

↳ By the lemma ,
to is closed under wester addition,

therefore,
MI holds in Vo.

"MI: for allEVo and, BER, <(BE) = (BY .

"

↳ By definition, Vo follows the normal scalar multiplication as does in V y
which is a reader space . Therefore

,
fr any G,BEIR,EVog <(BX)= CABLE in Vo.

Therefore, MI holds inNo.

: for all &,, ZEVo ,
and 2

, BEIR g
C+b=CitBY and <(x+) =<*+<.

3 By definition
,
to follows the normal scalar multiplication as does in V which is a meeter space . Therefore

, for any LIBER > *jEV,
< (**) =<+25

and x(x+B) = <* + BE . Thefre
, MI holdsfor Vo.

"MI : for all YEVo, LERy Evo; closure under scalar multiplication.

"

-

3 By the temma , Vo is closed under scalar multiplication, Therefore
,
M holds for No.

Therefore
,

all e axioms
me satisfied by toEV, given the Lemma is true

. Thus
, Vo is a restor space over IR

.Y

- GED
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True or False: Unsupported answers will not receive full credit. Organize your work in a reasonably

neat and coherent way.

Indicate your final answers by filling in exactly one circle for each part below (unfilled filled ).

Hint: if you think any of the following are vector spaces, ask yourself whether there’s a
way of proving that this is true without having to start at the definition and proving that
all eight axioms hold.

(b) The set V of all nonpositive real-valued functions on [2, 3] with the usual addition and scalar

multiplication is a vector space over R. Note: a real-valued function on [2, 3] is a function f :

[2, 3] ! R. That is, its domain is [2, 3] and its range is a subset of R. Its range could be all of R,
of course. A function is nonpositive if f(x)  0 for all x in its domain.

� True

� False

(c) The setV of all real polynomials of degree exactly n with the usual addition and scalar multiplication

is a vector space. Note: A “real polynomial” is a polynomial whose coe�cients are all real numbers.

� True

� False

·

The set V fails by axiom MI : Here is no closure under scalar multiplication

"MI : for all GER,EU , a EVi closure underscular multiplication .

"

↳ By definition, V is defined for non-positive real valued functions
, meaning their range is always less than or equal to Zero. However

,
if these functions were multiplied by &EIR

, where 220 9 then for f(x) EV , Af(x)0 because both 20 and f(x) 10. This wouldmake <f(x) false under the terms of Up for f(xEOstIXCO , and therefore
, there is no clowe under scalar multiplication because flat wouldno longer be a non-positive fureton.

for example ,
saya = 1 and f(x)= -X? Af(x) = H)(-X2) = *which is 30 for all xER

, and in V.

Because MI fails
, then V fails to follow All 8 axious ,

and thefere
, ist a restor space .

/ : O&R

·

The set V of all polynomials of order exactly n, is not a restor space because it fails underAl because OV.
·" there exists a 8EV such that Y +

8
= X for *EU .

"

6 This is false for polynomials of degree f or more . If a polynomial has degree exactly no then it cannot have polynomials within
its set of less than degree n

, which include the zeo polynomialfor
example, if V2 is the set of all polynomials with degree exactly 2, then the polynomial plX = 0

,
the fe polynomials ,hold not exist because it has degree o

Thefre
, because A fails for V

, V is at a reeder space over R because it fails to meet all the axioms
/

:EX
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True or False: Unsupported answers will not receive full credit. Organize your work in a reasonably

neat and coherent way.

Indicate your final answers by filling in exactly one circle for each part below (unfilled filled ).

Hint: if you think the following is a vector space, ask yourself whether there’s a way of
proving that this is true without having to start at the definition and proving that all eight
axioms hold.

(d) The set of 2⇥ 2 upper triangular real matrices with the usual entry-wise addition and scalar multi-

plication is a vector space over the real numbers.

Notes: An n ⇥ n matrix A = [aij ] is upper triangular if aij = 0 for all 1  j < i  n. A matrix
is real if all of its entries are real numbers. All integer matrices and all rational matrices are also
real matrices. After doing this problem, ask yourself how your answer would apply to n ⇥ n upper
triangular matrices.

� True

� False

·

-
Note : for a 2x2 upper triangular matix

, the first row's second columnis entry is zr

Let 22 be the rector space comprised of all 2x2 mutrices with scalar entries E. Let the set described in d) be devoted
as U

. V is a subset of 21R2
, considering it is comprised of

upper triangular matures with dimensions 2x2.
V follows the same rector addition and scalar multiplication as in &R2,

and VITR?
Who be a restor space our Re it must also satisfy the following conditions :

1 : "Here exists a zero wester JEV.

"

blu V
, [ii] can be classified as an upper triangular matrix. Following A, any JEU=[], ac,

&ERR can be witte F+=
using [ == ] , [50]+ ( = ] =[]

,
and by A this equals [i]=*.:, SI is satisfied.2: "closed under wester addition; for X, jEV, *+ Ev.

"

↳ If an upper tinngular matrix ,EUX=[*], a, 4 d ER was added to jEV,= [Eg], e,gHR , then Exy = [i]+ (E)
=Cate] = [] , for some hijEg whe hatei=c=dy. By definiten, thi world satisfy te condition ,as

considering how the first rous second cilum's entry 1) Ero, and the result is still an upper tangular matrix
, meaning EV. /3 : "closed under scalar multiplication ; der CERR

, EU LEU".
3 Given a Scalar aEIR

, FEVyX=(adER, 28-d[]=] · Because both HERR and a,yd ERRy &D, C, ER as well.
This satisfies the conditions for V

, as the first ron's second colum has entry zro
, and the result is an upper triangular matrix

This menus axEU
.

Therefore the conditions of the Comma in parta) have been satisfied ,
for U22, where V is

comprised of the same vecter additionand ocular multiplication as in vector space 21R2 : closed under wester addition and scalar multiplication, and the existence of a Lecter EVBy this Lemma
s V, being the set of 2x2 upper triangular matrices, a subset ofretor space 2R2

, is a reador spaceover 1
. /

-:QED


