Due: 10:00pm, Tuesday Jan. 21, 2025

MAT185 — Linear Algebra

Assignment 1

Instructions:

Please read the MAT185 Assignment Policies & FAQ document for details on submission policies,
collaboration rules and academic integrity, and general instructions.

1.

Submissions are only accepted by Gradescope. Do not send anything by email. Late submissions
are not accepted under any circumstance. Remember you can resubmit anytime before the deadline.

. Submit solutions using only this template pdf. Your submission should be a single pdf with your

full written solutions for each question. If your solution is not written using this template pdf (scanned
print or digital) then your submission will not be assessed. Organize your work neatly in the space
provided. Do not submit rough work.

. Show your work and justify your steps on every question but do not include extraneous informa-

tion. Put your final answer in the box provided, if necessary. We recommend you write draft solutions
on separate pages and afterwards write your polished solutions here on this template.

You must fill out and sign the academic integrity statement below; otherwise, you will receive
zero for this assignment.

Academic Integrity Statement:

Full Name: _ @it Fu

Student number: lolloUfbo+

Full Name: S@m lP“A/WWJL\ A

Student number: 10104 §3u5]

I confirm that:

I have read and followed the policies described in the document MAT185 Assignment Policies &
FAQ.

In particular, T have read and understand the rules for collaboration, and permitted resources on
assignments as described in subsection II of the the aforementioned document. I have not violated
these rules while completing and writing this assignment.

I have not used generative Al in writing this assignment.

I understand the consequences of violating the University’s academic integrity policies as outlined in
the Code of Behaviour on Academic Matters. I have not violated them while completing and writing
this assignment.

By submitting this assignment to Gradescope, I agree that the statements above
are true.
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Question 1:
In this problem, you will prove that the elementary operations you learnt in ESC103 do not change the
set of solutions of a system of linear equations. Consider the four linear systems

3r+2y+22=9 3z + 2y + 2z= 9
A: 1l + Ty + 32 =15 B: 11x + Ty + 2= 15
3x+2y+ 2z =25 B+118)z+ 2+ 78)y+ (1+38)z=5+150
x4+ 2+ 2z= 9 1o + Ty + 32 =15
C: 1llax + 7Tay + 3az = 15« D: 3x+2y+22=9
3r+ 2y+ z= 5 3z +2y+ z= 5

Above, z, y, and z are all variables. The parameters o and 3 are real numbers.
Let A C R? be the set of solutions of the linear system A. A point (a,b,c) € A means that

3a+2b+2c=9 TRUE
A: lla+ 7+ 3c=15 TRUE
3a+2b+ c=5 TRUE

Because a, b, and ¢ are all real numbers, equations involving them are either true (asin 14+ 1 = 2 is
true) or false (as in 14+ 1 = 3 is false). And so, (a,b,c) is in A (is a solution of A) if all three equations
are true when the variables z, y, and z take on the values a, b, and c respectively. If there are no points
(a,b, c) for which the three equations are all true then A has no solutions and A = @. Note: this does
not contradict the statement that A C R3 because & C R3.

Pro tip: If you have an equation where the left-hand side and right-hand side are real numbers (or are
numbers in any field) then the equation LHS = RHS is TRUE if and only if LHS — RHS = 0 and is
FALSE if and only if LHS — RHS # 0.

Finally, there is the question of how you could show that two sets, A and B, are equal.

e If you want to prove that A = B and A = @& then you need to prove that B = &.
e If you want to prove that A = B and B = @ then you need to prove that A = &.
e If you want to prove that A = B and neither A nor B are nonempty then you can do this by proving

— if a € A then a € B (this proves A C B) and
— if b € B then b € A (this proves B C A).

If you have sets A and B and you don’t know whether or not they are empty or nonempty, you have do
all three steps above.

For the curious: The third case is related to another common proof technique: if you want to prove
that two real numbers are equal, a = b, you first use one idea/approach to prove a < b and a different
idea/approach to prove a > b. This technique is jarring the first few times one sees it. This approach
works for any totally-ordered field; it doesn’t work for the complex numbers, for example.

(a) Let A be the set of solutions of A and B be the set of solutions of B. Prove that A = B. Note: you
don’t know whether or not A or B have any solutions. This means that you must address all three
possible cases: A= @, B =&, and neither A nor B are the empty set.

Please start your answer on the next page, not on this one. The grader will not look
at this page. You can continue your answer on the top of page 4, if needed.
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case 1: A=0

I A=9, thn ot least one of Ihe eqwahmn& of A qr Wwnsifni.
Expanding and vewriting fhe hivd equation in p

(Brapx+ 2H1py £ L3z = 5 + 15p Nokice o Shae are the same as S equaioms n A
3x+|\px+1xj+1gtj+z+3p7.‘S+\SB (M111) \3\x+1 t22 = '1 .
x+'l\5+‘5z . Az
BUIx+7y+32) + (3x+2g42)= 54158 (M) M“vz s
SG;nte the  second ettuu’(mh of B ot llx tly+32=1s Thus, i AL s fale, then B1 i also false ty o Ak Same equadion, and
Smtcxwﬁbe\swr;m:‘m\umm:if + \ZX::;’.R\ Al so both A inamiskd md B inansskal , thoche Az ¢, B4
3*2 S H Az s fulee ) 4hen B2 @8 false s 't\nug o A same Q([\Aa\iom,nv\d 4hus
Rewviting - [ x+2g v 22=9 L B s inconsisterd and B s inconsistent . Thicken A< 4, =g
PriMtagtsass .. u Mo Rl e Bt e bl asuming B2 % dwe Thas A

3 + =
* l\j +2=5...8 inwnsiskest  and £ is incansistent | leading s A=g and  Yhus B=g%. #
case 2: B=9g

As seen 0 cast |, P can be vewritkn Assuwfmg that 8=, then ad fewk ome  of  dhe equaliont i B are
3x+uy £ 22=9... 8 nwnssient  with the sy
(7 {ux £y + 3z =15 ... B2 [ Rl 48 inconsitent; e Al also hes do be  nonsistum  sinte AV and B
3x+13-\- zZ=5... B3 art e same e(f/u«\im. Thas A=¢.
Whidh ar e same equations as A F B2 is mansisent) Yhn A2 alse has ds be  intnsislent  sine AL and B2 an

Ix t2y+22=9 .- Al Ihe camt egpadiva. Thus A = Z.

/{/'— x4y £33z =1Is. .. A2 If B2 is consishat and B2 i inonsishnd; dhen A3 is glte Mnsighnt since
Bx*l«j fz=5... A3 A3 and B3 har tw Sane equation- Thys A=R.

Howver, it B2 s ingnsisknt [ A2 > inansistnd, sl leading b A=F

T»\UAQ\\Y‘L) i{' B=¢/ A‘¢ 7))

case 3: both A and B are nonempty

Rew\-iﬂnﬂ the e(tuu'h'mx in A, the S\j\\wn of g;luu\'ilms can  be solved:

EY

31 o V3 U3 3 9 Ra-URy \oay -R [ IR 3 -

[ll Y ?g] i} [l\ 1 3 \ \S] _ [o -3 -1l'$l§ \1 Ra-Ry [ 0 -\y -1y —\il 3_&; [
32 0ls 3 2 s o -t I-u

oo -

U 3| o3 R\v—h Vo -3 -1
Vo st —s |0\ 3| gy
oy I-4% 00 -1 | -

o [ve-3 -w] - N

Cohhmms-[%\n\g\;:] Ra [07‘:
Bl I

oo |

- R4 V0o | =\ B3R V00, -\ .
sq] \—%R‘)[o‘\g\“]““;: [o\o\z] 2. Solutions are
4t 00 4 0o\ X=‘\;‘j=1,l='+

Sin @ proven N case '\,/{, and £ haw 1 Sdme  Solutions , theehre sinee x=-,4972,2<% s o b of  cdutions in A,

Yhen ‘Hv\(\) alle how 4+ be a gt of solwlions in 5

wa«‘ x:-\,.&:l)z:q. 15 a selwlion b 5.‘ >T»\\AS, AcSR
Bl 3(-0+2(2)42(%) =9 - LW3=KWS
B i) 4+ 7T 42w = 1S 7. LHs= Rus

BLR+Up () + (4P + (Wap)wy = s+ 5B LHS=RMS

Sim\\ov(\j, ay x=-, gy 24 i o seh of sdulions kv E, and aw also a get ol solwlions h /4', BEA.
Proct  x=-1, y=2,2 =% % a solwion /‘b

Al 3(-D+2+2t0 3 4 . LHS=RRS Thus, BeA

A2 DD+ +3(0 =15 o (Hs=kns

A3 3(V+2@t 4 =S . LHs =RWS

Sinte the st of soludions /l/is alse Y solwion o B, ASR Sine I sd— oFf  sdutions s P
I soldion s A ) ASE Thw AzB and it A vor B o nonewp g

ulsy



Page 4 of 10 MAT185 — Assignment 1

You can continue your answer here. If you do so, please make it clear which of the
three cases you’re continuing!

(b) Let A be the set of solutions of A and C be the set of solutions of C.

i. The system C has a parameter o € R. Under what conditions on o is A C C?7 No justification
needed, just one complete sentence.

Under 4he condition that X %0, X eR, ASC.

ii. Under what conditions on « is C C A? No justification needed, just one complete sentence.
Under the condition that X e, C €A,

iii. Assuming the condition of part ii. holds, prove that C C A. You may assume that C # &; we’ll
assume that if you can address the C = @ case based on your methods in part (a).

Since C#&  (assumption quen in question) and A+ 4 fom pat a

and sinee  for any & &R, the solutions of C ar cwntained in A

The veason dhe solwbims of C an wrdand in A/ ® beconic  the equation

n 8 15 simpy o scalar walliple ot fhe equations \n A, bg M1 (M"‘\*h‘p\\ﬂ e Hhind
equafion of € by > g e same equadions ay in A),

Theefore, C €A. g

Note that since not all X wakes ASC,only CSA is dwe
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(c) Let D be the set of solutions of D. Prove that A = D. You may assume that both A and D are
nonempty; we’ll assume you can address the case where either of them is the empty set based on

your work in part (a).

This part is worth zero points. Your proof will not be graded. If you got stuck, or
wrote a proof you aren’t quite sure of, please post to piazza or come to office hours.

YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.
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(d) At this point, you should have proven that the three elementary operations did not change the set
of solutions of the linear system 4. The key insights of your proofs didn’t rely on 4’s having exactly
three equations and three variables and having coefficients 3, 2, 11 and so forth. We asked you to
think about a simple, concrete example so that you could focus on the elementary operations and
not be distracted by notation. Now we are asking you to face the notation and prove something
about a general linear system.

Consider a system of m linear equations with n variables
n
AZ Zaijwj:bi 1§z§m
j=1

where the coefficients a;; and constants b; are all real numbers. Let B be the linear system where
the ipth equation of A has been multiplied by « # 0.

Assume that both A and B have solutions. Prove that A and B have the same set of solutions.

This part is worth zero points. Your proof will not be graded. If you got stuck, or
wrote a proof you aren’t quite sure of, please post to piazza or come to office hours.

YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

Shat A+ ¢ and B#EF e soutions of A/ o wiained  in 6 whoe e WG
eq/ua*'\cm of A/ has been mwltiplied bvj XF0. This Wieant Yhat A S B sine 4w
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But it Yom vvm\hp\\ﬁ e evao\h“Iﬂ b\ﬁ T\.Z\ Yo will qg* A sowa ecum\hm ,‘Hruv(%ve

ahh  selukins of A/an. n ﬂ and Vi Vesa. (hus, A8 BSA, A8 @
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(e) Consider writing down the augmented matrix of a linear system .4 and applying elementary row
operations to the matrix until you have a matrix in reduced row echelon form (RREF). Let R be
a linear system represented by that RREF matrix. Explain why A and R have the same set of
solutions. There’s a lot of white space here but this isn’t to indicate that you need to write at length
to answer this question. You should be able to write your explanation w/ 100 or fewer words (in the
space above the horizontal line). Nk thad B is e solukion sed Yo R ) A s A solufion st e A.

Sinue /R is simply the voulk of A,, after underqoing  Scalar  addition, Scalar - Subfruction,

and scalar  wuliplication  of equadions contained in A/. and  since thest opeations ae applied o bith

Sides of  the equations in fiL Thus, the \rtsu\hnj ’R would also be contained n A,
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and RFF | thus R EA.
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Theretore BA)(=O- 3\5 V\A\A\*'\p\\)m‘j both  sides \"5 B, we cjo\- BX=0 wwanima

X nll @ and s, Boand A haw the samc sowdion i g
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Question 2:
One of the goals of this question is to get you into good shape for True/False questions on exams.

For questions (b), (c), and (d) below, please assume the “natural” vector addition and scalar multiplica-
tion. For example, for functions assume the addition and multiplication given in section 4.2 of Medici.
The ones given in the “An Unusual Vector Space” example are completely valid but are considered
“unnatural” for this problem.

(a) Prove the following lemma by showing that all the vector space axioms hold. It’s very useful and
once you've proven it you can use it whenever you want.

Lemma: Let V be a vector space over the real numbers. If Vo C V contains 0 and, with the
same vector addition and scalar multiplication of V, is closed under vector addition and scalar
multiplication then Vj is a vector space over the real numbers.

[ it agme He Lemmn fve. This teans Yhat 1, 1 asimed to be o sube b
kot Vois diecor spuce; Loill o bhatit iy o sdapuce o€ | / Eollowin
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WL b f3em, BJEW dae adievecdar sutdhihan.
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CWIL: e all ZeVo anh o, AER, x(BR)= Gp).
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True or False: Unsupported answers will not receive full credit. Organize your work in a reasonably
neat and coherent way.

Indicate your final answers by filling in exactly one circle for each part below (unfilled O filled @).

Hint: if you think any of the following are vector spaces, ask yourself whether there’s a
way of proving that this is true without having to start at the definition and proving that
all eight axioms hold.

(b) The set V of all nonpositive real-valued functions on [2,3] with the usual addition and scalar
multiplication is a vector space over R. Note: a real-valued function on [2,3] is a function f :
[2,3] = R. That is, its domain is [2,3] and its range is a subset of R. Its range could be all of R,
of course. A function is nonpositive if f(x) <0 for all x in its domain.

O True
@ False
The ser V/ fuil 5:1 axom MT: Hee s no clowe nder Sealur mdhplifyan.

w

ML: for all R ER, 6\ 5 oV EV ; clastve vnderScaliv Ml hylreaton.

L’B‘é Lefnitor, VM is defed v Mon~pogitwe veal-valved firchins, meanwy Hor Mg is alimgs less than oc equl fo gom. Hovers

# e fonetors e molhyleek by AER, wlwe ot <Dy Hen lor A)EV) RED30 beawse  both w<o wd 2o, This wold

malle dEG) Ghe updie He W v £0X0 ,ft
ro lomger b o :on-fa;,-hk i u 0Ky trd Bl St no domae ondee talee mtbpliaden e 1) uatd

e eﬁkf'%ﬁq'ﬁ Azl and 0. E R )= EH)ER): Soulith 3 30 all xeq PRI
» n V.
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/= 6D

(¢) The set V of all real polynomials of degree exactly n with the usual addition and scalar multiplication
is a vector space. Note: A “real polynomial” is a polynomial whose coefficients are all real numbers.

O True
@ False
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True or False: Unsupported answers will not receive full credit. Organize your work in a reasonably
neat and coherent way.

Indicate your final answers by filling in exactly one circle for each part below (unfilled O filled @).

Hint: if you think the following is a vector space, ask yourself whether there’s a way of
proving that this is true without having to start at the definition and proving that all eight
axioms hold.

(d) The set of 2 x 2 upper triangular real matrices with the usual entry-wise addition and scalar multi-
plication is a vector space over the real numbers.

Notes: An n x n matrizc A = [a;;] is upper triangular if a;; = 0 for all 1 < j < i < n. A matric
s real if all of its entries are real numbers. All integer matrices and all rational matrices are also

real matrices. After doing this problem, ask yourself how your answer would apply to n X n upper
triangular matrices.
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