Due: 10:00pm, Tuesday March 18, 2025

MAT185 — Linear Algebra

Assignment 3

Instructions:

Please read the MAT185 Assignment Policies & FAQ document for details on submission policies,
collaboration rules and academic integrity, and general instructions.

1.

Submissions are only accepted by Gradescope. Do not send anything by email. Late submissions
are not accepted under any circumstance. Remember you can resubmit anytime before the deadline.

. Submit solutions using only this template pdf. Your submission should be a single pdf with your

full written solutions for each question. If your solution is not written using this template pdf (scanned
print or digital) then your submission will not be assessed. Organize your work neatly in the space
provided. Do not submit rough work.

. Show your work and justify your steps on every question but do not include extraneous informa-

tion. Put your final answer in the box provided, if necessary. We recommend you write draft solutions
on separate pages and afterwards write your polished solutions here on this template.

You must fill out and sign the academic integrity statement below; otherwise, you will receive
zero for this assignment.

Academic Integrity Statement:

Full Name: Xwa\ ?ﬂ‘ﬂrm\x\ Wiz

Student number: kO\ 04 D)\)\S\

Full Name: 3653\(& ( Xwezlytn S\ ‘:U

Student number: _\9 \d %3607

I confirm that:

I have read and followed the policies described in the document MAT185 Assignment Policies &
FAQ.

In particular, T have read and understand the rules for collaboration, and permitted resources on
assignments as described in subsection II of the the aforementioned document. I have not violated
these rules while completing and writing this assignment.

I have not used generative Al in writing this assignment.

I understand the consequences of violating the University’s academic integrity policies as outlined in
the Code of Behaviour on Academic Matters. I have not violated them while completing and writing
this assignment.

By submitting this assignment to Gradescope, I agree that the statements above
are true.
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Question 1:
Consider the real vector space V = span{z2e®,ze®, e®}. No justification needed for parts (a)—(d); just
fill in the bozxes. :) !,

(a) Let T : V — V be the linear transformation corresponding to differentiation: 7'(v) = v’. Using the
basis a = {x2e®, e, e®} for the domain and the codomain, what matrix [T, represents this linear
transformation?

(b) Demonstrate that your matrix is correct by computing [T]aa[v]a for v = 3z%e* — 2xe® + 6¢® to find
[T(v)]o = [32%€® + 4xe® + 4e%],.

3
Taaltla=| [2 | | V] |0 2 =11 ] =0
N

\| |© O
M.l = <] [\ O
I3 -\ \

(d) Using your [T],2}, find v € V such that v'(x) = z2e®.

oo

v o O ! \
[Tlaalola=| |"*] | | v O ll=|"1] | ="
L =\ \ © L

v(x)= et leet ¥l
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(e) You've learnt that a function has infinitely many antiderivatives. Why is it that this method has
found only one of them?

ﬂe. Coaroll\/\l/L"L W\I\{V\‘Y YN'\ u nk p;; a/vt.‘V\WHHL/MﬁHI'V\j H.{,«J\,\mm vedieh o QCLCIMI\ ("’W\ of T/,
becavie fhoy ae Ve chume o g Mt of N Guwan  bugis ok

'd/h‘s MG\V\S 'Hr(‘a (awn i&j ?Nvf(}e_ [ UV\\'%_ gu!u‘lﬁ'W\ FDV' x/ Lot ‘H,-\(_ F\I'W\ A’x‘a[aldhda‘uwl- hm

}'waktsufv('w‘& hetwnt Hov ""“’P"‘“* Jat o). Benve o€ Hiy Loaglninantl ,vag/b of AVl wadres,  d
[Z'N ov\'j Qw_w\\- +L\L qv\-}\(ﬂlr(\l\'l\\'t wth 'l‘O//

Question 2:

(a) What is a parametrized curve that represents the line segment that connects (zg,yo) to (1,y1)?
That is, what is an £(t) such that £(0) = (xo,v0), £(1) = (z1,y1), and {£(t) | 0 < t < 1} is a line
segment?

The (J)MMM‘B’J)\ i o Aip- (l-&-\(}oﬂo\-&* )y for 0%«

(b) Consider the linear transformation T : R? — R? where T((z,y)) = (2x + 3y, —6x + y). What is the
image of the above line segment {¢(¢) | 0 < ¢ < 1} under this linear transformation?

To bk P tmage, 1Al S Vernl and d ivensan of He berel fiesty fo datvmie He divemon o f He fmome

v Rzt v b-7he o1 Rt \o]o hothz= o
yqr‘(= Z’L(q)co\v(:, &15 3 —if(-f‘?:‘:ﬁ L’t‘? ;YR-?;k;F\\ [:’&,\“1_1 ["5’“01—7 {%ﬂu ) Lollu‘l - \_Fooa]ltrT Jo3.

Theekey, krT=00y and daa Jar T = 0. Vg He Linamyon beals, anil He et Hhat R™ i\ sl dincwiwnal veeh Spaze,
din i T tdialar T diom o > diennT= A (lire in W\Q) =\

C"'\M‘"‘) how T & odowan = [R® and of ol““‘""'"c’\/ imT hatbe a b in B2,

Theehy i Ti> a f'\rc_ Seghenk in W\l, for 042 whe TUH%):C'ZC-su-H(x\—x.,))Jca(3.,&(‘:“_-303))-G(‘iu(- -y + f}jo-ﬁ—(_jl-joﬁ)/
(c) Consider a general linear transformation T : R? — R?; that is, T((x,y)) = (@117 + a12y, @217 + azzy)

where ai1,a12,a91,a25 € R. Let £ C R? be a line in the plane. In ten words or less, what is the
image of £7 That is, what is T'(£)?

The |'th7¢ L L CTU) is o fre

I o a ()o.w-\-.

1

(d) No justification is needed. You can select more than one answer. Let P C R? be a polygon' and

consider a general linear transformation as in part (c). The image of P under T could be
O acircle = 4that wodd regur {‘-ﬂ”;\r, (Han I

@ a point

# a line segment
# 2 polygon

(O something else

Here are the types of polygons we mean here. Think about both regular and irregular ones, please.
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Question 3:
In the following, you will consider a sequence of linear transformations. For each linear transformation
you will asked to draw the image of a square under the linear transformation. No justification needed for
parts (a)-(f); just fill in the bozes. :) ‘U

(a) Consider the linear transformation 7' : R? — R? given by T((x,y)) = (z,2/2 + ). In the domain,
draw the unit square S = {(z,y) | 0 < 2 < 1,0 <y < 1}. In the codomain draw the image of the
unit square T'(S).

Pomain Colamarn
5 1Y 5 1Y
1 /T1 1 /‘
X | ‘I
-2 -1 1 2 -2 -1 1 2
—1 -1
-2 —2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T]aq that represents the linear transformation 7?7 What is det[T]q0?

\ O

Area of T(S) = ] [T)aa =

Area of S = | det[T)qa =

Vol |\

(b) Consider the linear transformation 7 : R? — R? given by T'((z,y)) = (27,2y). In the domain, draw
the unit square S = {(x,y) | 0 < 2 < 1,0 < y < 1}. In the codomain draw the image of the unit
square T'(S).

Downain Cojowain
2 1Y o 1Y
1 PN 1
X | X
—2 -1 12 —2 -1 12
—1 -1
—2 -2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T]aq that represents the linear transformation 7?7 What is det[T]40?

Area of § =

Area of T(S) =

[Tlaa

A

O

0

7

det[T)qa =
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(c) Consider the linear transformation 7' : R? — R? given by T((z,y)) = (2z,y/2). In the domain,
draw the unit square S = {(z,y) | 0 < 2 < 1,0 <y < 1}. In the codomain draw the image of the
unit square T'(S).

Domatin Co dowmaint
9 1Y 9 1Y
T
1 A 1
-2 -1 1 2 -2 -1 1 2
—1 —1
_92 —2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T],q that represents the linear transformation 7?7 What is det[T]qa?

L Q

Areaof S = | Area of T(S) = | | Moo = | m —— det[T)qa = \

0 \/L

(d) Consider the linear transformation 7T : R? — R? given by T'((z,y)) = (—y, z). In the domain, draw
the unit square S = {(z,y) | 0 <z < 1,0 < y < 1}. In the codomain draw the image of the unit

square T'(S).
DOWWLH\ COMI'A

5 Y o Y
T 1
1 A T
x | x
-2 -1 1 2 -2 -1 1 2
—1 —1
—92 —2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T],q that represents the linear transformation 7?7 What is det[T]qa?

o ||

Areaof S = | | Area of T(S) = | | Taa = det[T]pa = l

| V)
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(e) Consider the linear transformation 7 : R? — R? given by T'((z,y)) = (z+y,x —2y). In the domain,
draw the unit square S = {(z,y) | 0 < 2 < 1,0 <y < 1}. In the codomain draw the image of the

unit square T'(S).

Dhwan (odammn
o 1Y o 1Y
T
1 A 1
‘.13 | X
-2 -1 1 2 -2 -1 1 2

—1 —1
_92 —2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T],q that represents the linear transformation 7?7 What is det[T]qa?

{ {

Area of § = \ Area of T(S) = | 3 Taa=| m —— det[T]aa = -3

| -2

(f) Consider the linear transformation 7 : R? — R? given by T((z,y)) = (—z — y, —2/2 — y/2). In the
domain, draw the unit square S = {(z,y) | 0 <2 < 1,0 <y < 1}. In the codomain draw the image

of the unit square T'(S).

Downeun Coo M
9 K 9 1y
T
1 A 1
T | T
-2 -1 1 2 -2 = 1 2

—1 —1
—92 —2

What is the area of S? What is the area of its image T'(S)? If « is the standard basis for R?, what
is the matrix [T],q that represents the linear transformation 7?7 What is det[T]qa?

AU

Area of S = | | Area of T(S) = | O T)aa = det[T]aa =0

) 12




Page 7 of 10 MAT185 — Assignment 3

(g) Continuing with the unit square S, as shown in parts (a)—(f), the area of T'(S) and det[T]q. are
related. What is the relationship you observed? Prove this relationship holds for a general linear
transformation T. See question 2(c) for what we mean by a general linear transformation. Your
answer should not need to refer to the entries of T'; there should be no a1z or the like in your answer.
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(h) If you started with a square of area 4, S = {(z,3) | 0 < 2 < 2,0 < y < 2} how would you use the
determinant to compute the area of T(S;) for a general linear transformation?

| wed costost 17 R s
ot e e G{M;A Cor T2 RSB agfly i+ ho o1 and Gwbe IAFTTRIL Ty [ iyl
b M vy o ’-KM)“ b\d _L to %Q:“ He e of TCSD The veasony bohnd Hhs i Hud Vemwrge

Mitial Shge i 0 ot Squne of p 4 msted of L Lk predon ehamply, veld W b Scale e veitting - grenllls oom

fon by Hednbul e os wll betae Hhat it Stk point’ A vl Hiy e el M ol oy of [T}

! belymave v AL
M o2, ank ok A——."/bl-(l'ﬁ:dl, Hem febony ot 2 Con L 202 muckei geas AL = Mk s me2, whth o 24,
s Cin 'H’ll‘) Caxe

N2y wlrh gy i@yl

image. houiny Pl



Page 8 of 10 MAT185 — Assignment 3

The following question 4 is worth zero points. Your work will not be graded. The question
generalizes the previous question and is within your reach if you are comfortable with dot
products and cross products. It is material that you may be assumed to already know when
you’re in AER210. We encourage you to think about and work on this problem and we are
happy to talk about it with you, but it is provided “for the curious” in that you will not be
tested on it.

YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

Question 4:
What about volumes of parallelepipeds?

Each face of a parallellepiped is parallel to the opposite face; the
parallelepiped is determined by the three edges coming out from
any one corner. In the image, we have a corner at (0,0,0) and
the three edges are represented using the vectors in a, b, c € ®R,
for example the vectors based at the origin (0,0, 0).

To find the volume of a parallelepiped?, you need to find the area of one face and the distance of the
opposite face to that one face. For example, if you found the area of the bottom face (the one determined
by b and c) you would need to find the height of the parallelepiped. You would then multiply the two
areas.

(a) Using the above figure, explain why the volume of the parallelipiped is | a- (b x ¢) |. Explain how
this is related to the determinant of the matrix whose rows are given by a, b, and c:

aT

det |bT

cT

o) Led  the Vecors o= (00,09 b=(b\,b1:bx\ y and 0= CG,GLaEDY be dhe Veekovs Ay, € (a8 Shown  in diujmvvn«

A 0 0y

[
Lt thee bt o wakix ¥V sud that =[:‘\= a8 ‘531-

The base of the parallelepipd o W porallclogram  spanned by the Veckors b and ¢ The arew can W given by A A
ma(}wihuk ot tht tos poduck of  the  two vedhurs

The height of the porallelepiped 55 e compoment of o olong the wommal 3o e bae Loxc) s whidh can b fownd  usivg e
dot  product h’JMrTxx"e\'L sinee i ke pogdion of At veckor X ot vovmal vechr do he base , which i bxC.

]ﬂ‘(b!b)] _
To fnd Volume, you watiply e Ve byt heigntt V= (e () = (\bun( et ) = | o (oxay

N Y S e A PO\
ot b3

=acdala 8l - acdd[E 8l ta- ddle Rl O
_“I\Q\rthrﬁ\ | & (oxc)1 = a - dek ‘:: ::X = O.° J«*[: ts‘l 4 Qs - dc\'[: ‘:‘-1 ®
M she same time, the ddewingle of watei V0 d ) =t [8 B B]= a0 adtlE B - e ad[0 81 4o delo 01 @
W owan & osen thad O = @ and so la(exol = deb W)‘—dc’ru‘zln
A‘
Thus | the welodionsip  odkween the yolume of e poraldipipd | a-toxol  and ddu_"{:n s hak ey are equal, ov
at
| atoxo) = dt*“ﬁ‘ .

2 A parallelepiped is a solid object with corners and edges and an interior. We can understand it using Cartesian coordinates
the moment we say where the origin is and where the z, y, and z axes are. In the picture we’re implicitly taking the view that
the positive z axis is in the same direction as b, the positive y axis is in the same direction as ¢, and the positive z axis is in the
same direction as a. But we need to be careful to remember that edges are collections of points like (0, 0,0) and (1,0,0) and so
forth while the vectors a, b, and c are in 3R.
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YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

(b) Explain why you would have gotten the same volume if you had based your calculation on the front

of the parallelepiped (determined by a and b) or if you had based your calculation on the side of
the parallelepiped (determined by a and c).

c bT
volume of parallelepiped = det |aT | = det |cT
bT aT

o) You wowld hawe the somt volume b ou had  ogsed Your cdalofin o the hont of e paaldepiped o on the side
becuny Yoo aowd  also  be :Lu‘\mﬁ e same colulations oy Hnd'ww) Hoarta Pwough @ owss-produdt) and  thon e
hght by the prjeckion  of ke vemdiving  Vethse ento ot Grovs- prodaut
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YOU MUST UPLOAD THIS PAGE EVEN IF YOU WROTE NOTHING ON IT.

(c) Consider the unit cube C = {(2,1,2) |0 <2 <1,0<y<1,0<2z<1}. Let T:R> - R3 be a
linear transformation. What is the image of C? (What is T'(C) geometrically?) If o is the standard
basis for R? and [T, is the matrix that represents the linear transformation, what is det [T and
how does it relate to the volume of T'(C)?

) ™ woe C has b be spanned b‘) the stondavd  basis Vechors  of K‘,nuw(u‘, (1,0,0%, (0,1,0),(0,0,1). Led  hese
vethws e dundd oy €= (0,00, €2= (0,1,0), e3= loo,\). Ty, Gny  poiny m e wbe C 0 can M
expressed  ayt P= oxe & Yoo ¥ 203,

APP\‘S"““_\ e Avambomction T K2 R on pewt P, TP = X Tled +t5T\e»)‘\ 2Tled |, we can s wohae
how 4k mage o8 TCA) © a Para\ldep;pcd sine (9 = {xT(c.\&gT(ez.HzTKeQ\og x)\,],z&ﬂ)- -
TW iy ﬂwmvic«tuj o poralelepiped

(f [T 5 I wmedeix  thak \«c\ovcw&s fo Vncae  Aranshowation, then, 60 My vedmis o uethus cAany
e cids oF e povulidepiped | thun, as poven 0 port @ b LA h']o« wil\ <_3‘\\NL e volume of
e paaldegipd. The wogeibds of - ag e o Ld Tl o gqud b Ak volawe ot

T o Lotk ™M ‘;o-/*‘ a.

(d) If you started with a cube of volume 8, C; = {(z,9,2) |0 <2 <2,0<y <2,0 <z < 2}, how would
you use the determinant to compute the volume of T'(Cy)?

S\\l\(.u w W pav’\’(—( Gluwe o F T(-(‘):\("\(LL\-LT]“*\ ) whee G e

ovic‘\'v\a\ olust  of  fhe boe, s caney o =3, Ty, T =R - \(kdftﬂwx\
Thwy, walfiplying e wagwifwde of At debeumin ant by B g gon Al
awwe oF T ().



